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Abstract
Bowlin and Brin defined the class of color graphs, whose vertices are
triangulated polygons compatible with a fixed four-coloring of the polygon
vertices. In this article it is proven that each color graph has a vertex-
induced embedding in a hypercube, and an upper bound is given for the
hypercube dimension. The color graphs for n-gons up to n = 8 are listed
and studied, in particular enabling a question by Bowlin and Brin con-
cerning the diameter of color graphs to be answered. Finally it is shown
that color graphs with a certain type of subgraph cannot be isometrically
embedded in a hypercube of any dimension.
1 Introduction
In the context of their study of the four color theorem, Bowlin and Brin [1]
introduced the notion of a color graph. We start by reviewing this definition.
Consider the set of triangulations of a regular polygon, such that the only vertices
of each triangulation are those of the polygon itself. This set constitutes the
vertex set of the associahedron of dimension d, denoted Ad, for a polygon with
d+3 edges. Equivalently the vertices of Ad are given by binary tree graphs with
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d + 2 leaves. See Figure 1 for the passage from a triangulation of a hexagon to
the dual graph, and the deformation of the latter to display it as a tree graph
with the root at the top and 5 leaves at the bottom (the numbering in the figure
can be ignored at this stage). The edges of the associahedron are given by pairs
of triangulations, or pairs of tree graphs, differing only by a single move, called
a diagonal flip for triangulations or a rotation for tree graphs - see Figure 2.
Both viewpoints have their advantages. Bowlin and Brin place more emphasis on
the binary tree graph perspective, whereas we focus mainly on the triangulated
polygon perspective, apart from in Theorem 1.
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Figure 1: From polygon triangulation to binary tree graph; polygon vertex col-
oring and the color vector c = 21231
Figure 2: Diagonal flip or rotation
Consider the Klein four-group V = Z2×Z2, with elements taken to be 0, 1, 2, 3,
such that 1 + 2 + 3 = 1 + 1 = 2 + 2 = 3 + 3 = 0. A coloring of the vertices of a
triangulated polygon with elements of V is compatible with the triangulation if
adjacent vertices are colored differently, as are vertices connected by a diagonal
edge of the triangulation. See Figure 1 for an example of a coloring of the vertices
of a hexagon compatible with the triangulation shown. By assigning to each leaf
of the dual tree graph the difference, or equivalently the sum, of the colorings
of the two vertices nearest to it, we obtain, reading from left to right, a list of
non-zero elements of V , called a color vector by Bowlin and Brin [1]. Figure 1
shows the color vector thus obtained in the example. The coloring of the leaves
extends to a three-coloring of the edges of the whole tree graph, using only the
colors 1, 2 and 3, by requiring that the sum of incident edge colors equals 0 at
each internal vertex of the tree graph. Following Bowlin and Brin’s terminology,
such an edge coloring is termed proper, and we say that the color vector c is valid
for the tree graph T if it extends to a proper three-coloring of the edges of T ,
and that it is acceptable if it is valid for at least one tree graph T .
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Given an acceptable color vector c consisting of d+ 2 elements of V its color
graph is the graph whose vertices are the vertices of Ad such that c is valid for
them, and whose edges are the edges of Ad induced by these vertices. As pointed
out by Bowlin and Brin, a result of [6] shows that any such color graph is either
connected or has empty edge set (in the latter case the color vector is called
rigid). The four color theorem is equivalent to the statement that for any pair of
vertices of Ad one can find at least one color graph to which they both belong.
Triangulations in the same color graph can be connected by a sequence of signed
diagonal flips, introduced by Eliahou [4], and further explored by Eliahou and
Lecouvey [5]. A criterium for determining whether a sequence of diagonal flips is
a signed diagonal flip sequence was given by Carpentier [2].
The main focus of Bowlin and Brin’s work [1] was to explore the connection
with Thompson’s group F . However in the process they raised a number of
questions concerning the properties of color graphs and gave partial answers.
The purpose of the present article is to study further some properties of this
interesting class of graphs, and to present a complete list of examples for color
graphs associated to hexagons, heptagons and octagons.
2 Embeddings of color graphs in integer lattices
and hypercubes
The easiest color graphs to describe are those associated to color vectors of type
1p21q, with p, q ≥ 0. Any binary tree compatible with the color vector 1p21q is
called a vine (see [1]), more properly a tree with a path from the root to leaf
number n + 1 (counting from the left) such that all the other leaves connect to
that path (we will call this path the central path). See Figure 3 for an example
of a binary tree that is a vine. We will use the term vine color graph to describe
color graphs associated to color vectors of the form 1p21q, since every vertex of
such a color graph is a vine. In [1] one of the questions asked was whether the
color graphs with the greatest diameter within the class of n-gon color graphs,
for a fixed value of n, were always vine color graphs. See section 3 where we
return to this question.
Let L(m) be the integer lattice graph of dimension m, i.e. the graph whose
vertex set is the set of m-dimensional integer vectors and such that two vectors
are adjacent iff they differ only in one entry and only by ±1.
Theorem 1 The color graph associated to the color vector 1p21q is isomorphic
to the sub-graph of L(m) induced by the vertex set V = {(x1, . . . , xm) ∈ Z
m : 0 ≤
x1 ≤ · · · ≤ xm ≤ q}.
Proof. There is a natural ordering of the leaves labelled with color 1: we say a
leaf is above another leaf if it joins the central path above that other leaf. Label
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Figure 3: Example of a vine associated to c = 13215
the leaves on the left from top to bottom by i = 1, . . . , m, and let xi denote the
number of leaves on the right that are above leaf i on the left (in Figure 3, x1 = 1,
x2 = 3, x3 = 4).
We can then identify each such tree graph with a vector (x1, . . . , xm) ∈ L(m)
with 0 ≤ x1 ≤ · · · ≤ xm ≤ q and conversely, each such vector corresponds to a
tree. Clearly two trees are connected by a rotation iff the corresponding vectors
are adjacent in L(m), since the order of precisely one leaf on the left and one on
the right is altered by the rotation.
The previous result leads us to ask in general when a color graph can be
realized as a subgraph of L(m) for some m, and what restrictions there are on
the dimension m. It is well known that this is equivalent to asking whether a
color graph can be realized as a subgraph of a hypercube of some finite dimension.
Given a finite set S of cardinality |S| = k, the k-dimensional hypercube H(S)
is defined to be a graph where the vertex set is P(S), the set of the subsets of S,
and two vertices A and B are connected by an edge of H(S) iff the symmetric
difference A∆B is a singleton.1
We start by showing that any color graph is a subgraph of a hypercube.
Theorem 2 Every color graph is a vertex-induced subgraph of a hypercube.
Proof. The color graph is determined by the vertex coloring of a polygon.
A triangulation T is compatible with the vertex coloring if all pairs of adjacent
vertices on the edge of the polygon are colored differently, and likewise all pairs
of vertices linked by a diagonal are colored differently. Choose one color to
exclude (we call it c, the forbidden color), and consider the subset S of diagonals
connecting differently-colored vertices, neither of which is colored with c (we
call these the allowed diagonals and we call the diagonals that connect a vertex
1The vertices of the hypercube can be identified with {0, 1}S by associating to each subset
its characteristic function, and under this identification adjacent vertices differ only in a single
coordinate.
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colored by c with a vertex not colored by c the forbidden diagonals). Then for
each triangulation T of the polygon compatible with the coloring (i.e. for each
vertex of the color graph) we assign the vertex of H(S), DT ⊆ S, whose elements
are the allowed diagonals in the triangulation T . We have to show that this
assignment is an injection on the vertex set of the color graph and that adjacent
vertices are sent to adjacent vertices in the hypercube H(S).
For the injectivity, we observe that we can recover the triangulation T from
its hypercube vertex DT . Indeed, the allowed diagonals in T , DT , give a partial
decomposition of the polygon into sub-polygons, and to recover the full trian-
gulation T we only need to identify the forbidden diagonals that were excluded
from T . Every such sub-polygon with k vertices, where k > 3, has exactly one
vertex colored by c. It has to have at least one such vertex, since we need to
use at least one forbidden diagonal to recover the original triangulation. If there
were two or more vertices of the sub-polygon colored by c, these would have to
be separated from each other in the original triangulation T , implying that there
is at least one allowed diagonal inside the sub-polygon, which is a contradiction.
Thus the forbidden diagonals in the sub-polygon are uniquely determined to be
the k − 3 diagonals which emanate from the single c-colored vertex.
To show that adjacent vertices, T1 and T2, are sent to adjacent vertices in
the hypercube, we observe that in a flip precisely one diagonal of T1 connecting
vertices colored by two colors c1 and c2 is replaced by the complementary diagonal
connecting vertices with the two complementary colors; one of these diagonals
is forbidden and the other is allowed. Thus DT1 and DT2 differ only in a single
diagonal δ ∈ S and are therefore adjacent in H(S).
Finally, this subgraph of the hypercube is vertex-induced. If DT1 and DT2
are adjacent in the hypercube differing only in a single diagonal δ ∈ S (say
DT2 = DT1 \ {δ}) then the diagonal δ separates a sub-polygon in the partial
decomposition of T2 into two sub-polygons in the partial decomposition of T1,
one with a vertex v colored by c and the other a triangle t with no vertex colored
by c. Thus T2 is obtained from T1 by performing the flip which exchanges the
diagonal δ with the diagonal linking the vertex v to the vertex of t not incident
to δ. Thus the triangulations T1 and T2 are adjacent vertices in the color graph.
As an immediate corollary we have:
Corollary 3 Every color graph is bipartite.
In the proof of Theorem 1, we see that the dimension of the hypercube is
given by the number of diagonals linking vertices of different colors neither of
which is the forbidden color.
Theorem 4 A color graph associated to a polygon with n sides can be embedded
in a hypercube with dimension no greater than
⌊
n(3n−8)
16
⌋
.
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Proof. As in the proof of the previous theorem, we consider the vertex-coloring
of a polygon defining the color graph, and then the dimension of the hypercube
where the graph is embedded is given by the number of diagonals linking vertices
of different colors neither of which is the forbidden color. Let w be the number of
vertices of the polygon colored by the forbidden color and x, y and z the number
of vertices colored by the other three colors, thus w + x + y + z = n. Then the
dimension of the hypercube would be the number of all diagonals (irrespective of
the vertex colorings) minus the number of diagonals linking vertices of the same
color minus the number of diagonals linking a vertex colored by c to a vertex of
a different color. Thus the dimension of the embedding is
n(n− 3)
2
−
(
w
2
)
−
(
x
2
)
−
(
y
2
)
−
(
z
2
)
− w(n− 2− w) (∗)
Using
n2
2
−
(
w
2
)
−
(
x
2
)
−
(
y
2
)
−
(
z
2
)
− w(n− w) = xy + yz + xz +
n
2
the expression (∗) can be simplified to
(x− 1)(y − 1) + (y − 1)(z − 1) + (z − 1)(x− 1) + n− 3
This quadratic polynomial has a maximum value, subject to the constraints x ≥
1, y ≥ 1, z ≥ 1 and x + y + z = n − w, for x = y = z = n−w
3
and its maximum
value is (n−w−3)
2
3
+n− 3. Since we can always choose a forbidden color such that
w ≥ n
4
, we get the upper bound
⌊
n(3n− 8)
16
⌋
for the dimension of the hypercube.
Another observation we can make is that a color graph only occupies a tiny
portion of the hypercube. Since a triangulation of an n-gon has n− 3 diagonals
its representation on the hypercube has no more than n−3 non-null coordinates.
On the other hand, choosing the forbidden color to be the one that colors most
vertices, which is the case that minimizes the dimension of the hypercube, we
have at least ⌈n
4
⌉ vertices with the forbidden color and in a triangulation they
must be separated by ⌈n
4
⌉−1 allowed diagonals. Thus the immersion of the color
graph in the hypercube lies in the region
{
A ⊆ S : ⌈n
4
⌉ − 1 ≤ |A| ≤ n− 3
}
.
3 Examples of color graphs
We have analysed all non-rigid color graphs corresponding to triangulations of
hexagons, heptagons and octagons, and the detailed results are presented in the
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Appendix. In this section we explain our approach and point out some significant
features of these examples.
Listing of polygons and color graphs
For each type of n-gon, we start by listing the possible four-colorings, up to
permutations of colors and symmetries of the polygon. Each four-coloring implies
a partition of n into four integers, being the number of vertices of each color. We
have grouped together the four-colorings with the same partition as follows:
5 hexagon colorings P 61 to P
6
5 : 3,1,1,1 (P
6
1 ); 2,2,1,1 (P
6
2 to P
6
5 )
7 heptagon colorings P 71 to P
7
7 : 3,2,1,1 (P
7
1 to P
7
3 ); 2,2,2,1 (P
7
4 to P
7
7 )
26 octagon colorings A-Z: 4,2,1,1 (A,B); 3,3,1,1 (C-G); 3,2,2,1 (H-S); 2,2,2,2 (T-Z)
The color graphs themselves are listed as G61 to G
6
5 (hexagon color graphs),
G71 to G
7
7 (heptagon color graphs), and A-Z (octagon color graphs).
Embeddings in L(m)
For the last four octagon color graphs W-Z we have also presented them
as an embedding in L(3), since we will observe (in section 4) that all octagon
color graphs can be embedded in L(3) (for the other octagon color graphs this
is obvious). In the same way all pentagon color graphs (just one graph) can be
embedded in L(1), and all hexagon and heptagon color graphs can be embedded
in L(2).
Vines
We identify the color graphs that are vine color graphs, i.e. the color graphs
with a color vector of the form 1p21q where p + q + 2 = n and we assume p ≤ q
(see section 1).
G62 121
3 G71 121
4 C 1215
G63 1
2212 G74 1
2213 H 12214
T 13213
Diameter of color graphs
In Bowlin-Brin [1], Prop. 10.2, it was shown that the diameter of a vine color
graph with color vector 1p21q is equal to pq, and they asked2 in Question 15.12
whether the vine color graphs with p = q (for n = 2q + 2 even) or p = q − 1
(for n = 2q +1 odd) were always the color graphs with the greatest diameter for
a given n. The examples show that, at least in some cases, the answer to this
question is negative, since for heptagon color graphs (n = 7) the diameter of the
vine color graph G74 is 6, which is exceeded by three other heptagon color graphs
with diameters 7 or 8, and for octagon color graphs (n = 8) the diameter of the
vine color graph T is 9, which is exceeded by four other octagon color graphs,
2We have reformulated and corrected the question in line with what was obviously the
intention.
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I, N, P, R, each with diameter 10. Despite these exceptions, the authors believe
that the answer is affirmative for higher n.
Size of lattice embeddings
Apart from the dimension of the rectangular lattice in which the color graphs
are embedded, we also make the observation that all octagon color graphs fit
inside a rectangular region in L(3) of dimensions 3× 3× 2 (note the final figures
for color graphs W,X,Y,Z in the appendix). Likewise heptagon and hexagon color
graphs all fit inside a rectangular region in L(2) of a fixed size, which can be 3×3
or 4× 2 for heptagon color graphs, and 2× 2 or 3× 1 for hexagon color graphs.
Inclusions and similarities of color graphs
Apart from naturally finding many instances of color graphs for lower n in-
cluded as subgraphs of color graphs for higher n, we also note some cases of
inclusions for the same n, e.g. for the three octagon color graphs T, U and X,
we have that T is a subgraph of U and U is a subgraph of X. Likewise H is a
subgraph of O, Q, V, W and Y. In other cases two color graphs for the same n
can be very similar in structure although neither is a subgraph of the other, e.g.
the octagon color graphs P and S.
Simplex shape of vine color graphs
As a consequence of Theorem 1 the vine color graphs associated to color
vectors of the form 1p21q have the shape of simplices contained in L(m). Thus,
for instance, the color graphs G63 andG
7
4 are shaped like triangles, and the octagon
color graph T can be viewed as having a pyramid shape. We also note that vine
color graphs with color vector of the form 121q are always simple lines of length
q, and can be embedded in L(1).
4 Further results and a couple of questions
In Theorem 2 we showed that every color graph is a vertex-induced subgraph of
a hypercube. We now ask whether this embedding is isometric. We note that
this issue has also been studied from a general perspective by, amongst others,
Djokovic [3] and Ovchinnikov [7], although our discussion below is self-contained.
First of all we note that some octagon color graphs cannot be isometrically
embedded in the hypercube of dimension 8 (being the dimension given in Theorem
4), simply because their diameter is 9 or more. These are the octagon color graphs
T, I, N, P, R.
Next we observe that some octagon color graphs (U, V, W, X, Y and Z)
cannot be isometrically embedded in a hypercube of any dimension. This is a
result of the following lemma and its corollary.
First we note, following [7], that the set S underlying a hypercube H(S) may
be infinite: the hypercube H(S) is then defined to be the graph where the vertex
set is Pf (S), the set of all finite subsets of S, and as before, two vertices A
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and B are connected by an edge of H(S) iff the symmetric difference A∆B is
a singleton. The shortest path distance d(A,B) on the hypercube H(S) is the
Hamming distance between sets A and B: d(A,B) = |A∆B| for A,B ∈ Pf (S).
Given two disjoint subsets T, C ⊆ S with C finite, we define a face FT,C on
H(S) of dimension k = |T | to be the subgraph induced by the vertex set {X∪C :
X ∈ Pf (T )}. Given a face FT,C = F on H(S) there is a natural projection map
piF from the vertices ofH(S) to the vertices of FT,C which sends a set A to the set
AF := (A∩ T )∪C. It is straightfoward to show, for any set X ⊆ T , that A∆AF
and AF∆(X ∪C) are disjoint sets and A∆(X ∪C) = (A∆AF )∪ (AF∆(X ∪C)).
Thus we get the triangle equality d(A, (X ∪ C)) = d(A,AF) + d(AF , (X ∪ C)),
and therefore, piF sends a vertex of H(S) to the unique vertex of FT,C nearest to
it.
Lemma 5 In a hypercube H(S), for any vertex v, we define the equivalence
relation ∼v by saying that x ∼v y if d(x, v) = d(y, v) (i.e. x and y are at the
same distance from v). For a face F in H(S), the equivalence relations ∼v and
∼piF (v) are the same when restricted to the face F .
Proof.
The distance from v to any vertex x of F is equal to the sum of the distance
from v to piF(v) and the distance from piF(v) to x. Thus, any two vertices x and
y of F that are at the same distance from v are at the same distance from piF(v)
and vice-versa, hence the equivalence relations ∼v and ∼piF (v) are the same when
restricted to the face F .
Corollary 6 Let the diamond ring graph DRj, j ≥ 1, be the graph obtained
from the 4-cycle graph by adding a path with length j joining opposite vertices in
the 4-cycle. A diamond ring graph DRj cannot be isometrically embedded in a
hypercube of any dimension.
Proof. If j is odd this is obvious since then DRj is not bipartite. For j = 2k
even, if D2k were isometrically embedded in a hypercube C, the 4-cycle of D2k
would be a 2-dimensional face of C. Since the middle vertex v of the length 2k
path
is at the same distance (k or k+ 1) from two opposite vertices in the 4-cycle,
by the previous lemma there would be a vertex in the 4-cycle at the same distance
from its opposite vertex as from itself, which is a contradiction.
We remark that this provides an alternative argument to that used by Ovchin-
nikov [7], Example 4.1, in a similar context.
Note that the above-mentioned octagon color graphs U, V, W, X, Y and Z,
all have a diamond ring subgraph.
We now look at the question of the minimum dimension for the integer lattice
such that any n-gon color graph can be embedded in it. Looking at the examples
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in the appendix which were discussed in the previous section, we observe that
any color graph associated to a coloring of an n-gon, for n ≤ 8, is a subgraph
(not necessarily vertex-induced) of the integer lattice graph of dimension ⌊n−2
2
⌋.
It is easy to prove, as a consequence of theorem 1, that any vine color graph
associated to a color vector of type 1p21q is a subgraph of the integer lattice
graph of dimension min(p, q). So, for colorings of n-gons with these color vectors,
their color graphs would be in L(⌊n−2
2
⌋). This raises the question of whether
the lattice dimension3 of other color graphs follows the same pattern: ⌊n−2
2
⌋ for
the class of n-gon color graphs. A couple of facts support this idea. First, the
maximum degree of a color graph for an n-gon is no greater than n − 3 which
does not exceed the valency of the vertices in L(⌊n−2
2
⌋). And second, for an n-gon
coloring its color graph contains an r-dimensional hypercube if there are r non-
overlapping four-colored quadrilaterals in the n-gon, therefore r can not exceed
⌊n−2
2
⌋. However, it is possible that in higher dimensions the upper bound ⌊n−2
2
⌋
is not enough for the lattice dimension of a color graph. Because of theorem 4 we
know that the lattice dimension grows at most quadratically. We thus ask the
following:
Question 1 Does the lattice dimension of n-gon color graphs grow linearly in
n or not?
Our final question relates to Theorem 4:
Question 2 Is the dimension
⌊
n(3n−8)
16
⌋
of Theorem 4 the minimum dimension
for which all n-gon color graphs have hypercube embeddings?
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A Appendix.
In this section we present a list of the color graphs associated to hexagons, hep-
tagons and octagons. First, we list all possible four-colorings of a hexagon up to
color permutations and hexagon symmetries:
P 61 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;0 ?>=<89:;3
P 62 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;1
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;2 ?>=<89:;3
P 63 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;2
P 64 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1 ?>=<89:;3
P 65 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2
❄❄
❄❄
?>=<89:;3
⑧⑧
⑧⑧
?>=<89:;1 ?>=<89:;0
with the corresponding color graphs:
G61: •
• •
•
G62: •
•
• •
G64: •
•
• • •
G63 andG
6
5: •
• •
• • •
Next, we list all possible four-colorings of a heptagon up to color permutations
and heptagon symmetries:
P 71 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;1 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;2
♦♦
♦♦
♦♦
♦♦
?>=<89:;3
P 72 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;3
♦♦
♦♦
♦♦
♦♦
?>=<89:;1
P 73 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;1
♦♦
♦♦
♦♦
♦♦
?>=<89:;3
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P 74 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;1 ?>=<89:;0
?>=<89:;2
❄❄
❄❄
?>=<89:;2
♦♦
♦♦
♦♦
♦♦
?>=<89:;3
P 75 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;1
❄❄
❄❄
?>=<89:;3
♦♦
♦♦
♦♦
♦♦
?>=<89:;2
P 76 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;1
❄❄
❄❄
?>=<89:;2
♦♦
♦♦
♦♦
♦♦
?>=<89:;3
P 77 : ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;2
?>=<89:;1
❄❄
❄❄
?>=<89:;0
♦♦
♦♦
♦♦
♦♦
?>=<89:;3
with the corresponding color graphs:
G71: •
•
• • •
G72: • • •
• • •
• • •
G73: • •
• • • •
G74: •
• •
• • •
• • • •
G75: •
•
•
•
• • • • •
G76: •
• •
• • •
• • • • •
G77: •
•
• •
• • •
• • • • •
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And finally, we list all possible four-colorings of an octagon up to color per-
mutations and octagon symmetries:
A: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;3
⑧⑧
⑧⑧
?>=<89:;1 ?>=<89:;0
B: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;1 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;2
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;0
C: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;1 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;1
⑧⑧
⑧⑧
?>=<89:;2 ?>=<89:;3
D: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;1 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;2
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;1
E: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;2
⑧⑧
⑧⑧
?>=<89:;2 ?>=<89:;3
F: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;2
?>=<89:;0
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;2 ?>=<89:;3
G: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;2
?>=<89:;0
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;2
H: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;1 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;2
⑧⑧
⑧⑧
?>=<89:;2 ?>=<89:;3
I: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;2
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;1
J: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;2
⑧⑧
⑧⑧
?>=<89:;1 ?>=<89:;3
K: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;1
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;2
L: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;3
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;2
M: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;0
?>=<89:;0
❄❄
❄❄
?>=<89:;1
⑧⑧
⑧⑧
?>=<89:;2 ?>=<89:;3
N: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;1 ?>=<89:;2
?>=<89:;0
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;2
O: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;1 ?>=<89:;2
?>=<89:;0
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;2 ?>=<89:;3
P: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;2
?>=<89:;0
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1 ?>=<89:;3
Q: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;3
?>=<89:;0
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1 ?>=<89:;3
R: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;2
?>=<89:;0
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;1
S: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;3
?>=<89:;0
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;1
T: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;1 ?>=<89:;2
?>=<89:;0
❄❄
❄❄
?>=<89:;3
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;2
U: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;2
?>=<89:;0
❄❄
❄❄
?>=<89:;3
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;1
V: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;3
?>=<89:;0
❄❄
❄❄
?>=<89:;2
⑧⑧
⑧⑧
?>=<89:;1 ?>=<89:;3
W: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;3
?>=<89:;0
❄❄
❄❄
?>=<89:;2
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;1
X: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;3
?>=<89:;1
❄❄
❄❄
?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;2
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Y: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;3
?>=<89:;1
❄❄
❄❄
?>=<89:;2
⑧⑧
⑧⑧
?>=<89:;3 ?>=<89:;0
Z: ?>=<89:;0
⑧⑧
⑧⑧
?>=<89:;1
❄❄
❄❄
?>=<89:;2 ?>=<89:;3
?>=<89:;3
❄❄
❄❄
?>=<89:;2
⑧⑧
⑧⑧
?>=<89:;1 ?>=<89:;0
with the corresponding color graphs:
A: •
• • •
• • • • •
• • •
•
B: • •
• • •
• •
C: •
• •
• • •
D: •
• •
• •
• • •
•
E and F: • • •
• • •
• • •
• • •
G: •
❄❄
❄❄
• •
❄❄
❄❄
• •
• •
❄❄
❄❄
•
•
•
❄❄
❄❄
• •
❄❄
❄❄
• •
Some properties of Bowlin and Brin’s color graphs 15
H: •
• •
• • •
• • • •
• • • • •
I: • • • • •
• • •
⑧⑧
⑧⑧
• •
•
• •
⑧⑧
⑧⑧
• •
•
•
• •
J: • • •
• •
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
• • •
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
• • •
•
⑧⑧
⑧⑧
• •
• • •
K: • • • • •
• •
⑧⑧
⑧⑧
•
•
• •
⑧⑧
⑧⑧
•
•
• • •
L: •
• • • • • • • •
• • • • • •
• • •
•
M: •
• • •
• •
• •
• •
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N: • • • • •
• • •
•
• • •
O: •
• • • • •
• • • • • •
• • •
• •
•
P: • • • •
•
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
• •
• • •
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
• • • •
• • • •
Q: •
• • • • •
• • • • •
• • • •
• • •
• •
•
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R: •
• •
• • •
• • • •
• • • •
• • •
• • •
S: •
• • • •
•
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
• •
• • •
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
• • •
• • •
T: • • •
⑧⑧
⑧⑧
•
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
• • •
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
• • •
•
•
⑧⑧⑧⑧
• •
U: •
⑧⑧
⑧⑧
• • •
⑧⑧
⑧⑧
• • • •
• •
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
• • •
• •
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
• • •
•
•
⑧⑧⑧⑧
• •
V: •
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
• •
• •
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
• •
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
•
• •
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W: • • • • •
• • • •
• • •
• • • • •
• • • • •
• • •
• •
• •
X: • • •
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲
•
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
• • •
⑧⑧⑧⑧
• • •
•
⑧⑧⑧⑧
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
• •
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
⑧⑧⑧⑧
• • • • • •
•
⑧⑧⑧⑧
•
⑧⑧
⑧⑧
•
⑧⑧
⑧⑧
⑧⑧⑧⑧
• • • • •
•
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲
⑧⑧⑧⑧
• • •
Some properties of Bowlin and Brin’s color graphs 19
Y:
α β • • •
• • • • •
• • •
• • • •
• • • •
• • •
• • • • •
• • • γ δ
here α and γ are connected by an edge, and so are β and δ.
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Z:
α β • •
• • • •
• • • •
• • • •
• • • •
• • • •
• • • •
• • γ δ
here α and γ are connected by an edge, and so are β and δ.
All these graphs can be embedded in the two or three dimensional integer
lattice, even the graphs W, X, Y and Z as is shown below:
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W:
❖❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
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X:
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖
❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖
❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
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